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1. INTRODUCTION 
In modular representation theory, one regards a block B of a finite 
group G as a G-algebra or a G x G-module. In [6], Green defined 
G-algebras and generalized defect groups to G-algebras, and proved that 
the G x G-module B have vertex DA = {(d, d) E G x G: LIE Dj, where D is 
the defect group of B. After, in [7, Sect. 31, Puig introduced the concept of 
interior G-algebras which is a special case of G-algebras. An interior 
G-algebra becomes a G-algebra and a G x G-module. In this paper, we treat 
mainly interior G-algebras. 
Let G be a finite group, p a prime number and k a splitting field for G of 
characteristic p. Let 0 be a complete discrete valuation ring with unique 
maximal ideal (rr) and the residue field O/(z) is k. In this paper, any 
Co-algebra A is an O-free module with a finite rank as an O-module, and 
any A-module is an O-free left A-module with an finite rank as an Co- 
module. For an O-algebra A and O-algebra homomorphism p of O[G] to 
A such that p( 1) = 1 A, where 1 A is the identity element of A, the pair (A, p) 
is called an interior G-algebra. Then the O-algebra A becomes a G x G- 
module defined by (g, h) a = p(g) ap(h ‘), where a is an element of A and 
(g, h) is an element of G x G. Let V be an Co[G]-module and H be a sub- 
group of G. A subspace VH consists of the fixed points of V under the 
action of H. Whenever H’ is a subgroup of G such that H < H’, the trace 
map Tr;‘: VH + V“’ is defined by v H C gv, where g runs over a complete 
set of representatives in H’ of H’/H. We denote by Vz’ the image Trz’ (V”). 
For p-subgroup P of G we denote by V(P) the O-module 
VP/C Vg + (rc) VP, where Q runs over the family of proper subgroups of P. 
See [2] or [3]. For an interior G-algebra (A, p) we often apply this 
notation to the O[G*]-module AIGd, which is the restriction of A to 
Gd = {(g, g) E G x G: g E G}, and use similar notation AH, Tr:‘, AZ’ and 
A(P). Then AZ’ is a two-sided ideal in AH’. If AC is a local ring, we call the 
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interior G-algebra (A, p) a local interior G-algebra, and if the 
homomorphism of O[G] to A is an epimorphism, we call it an epimorphic 
interior G-algebra. 
Whenever H is a subgroup of G, I/ is an O[G]-module and W is an 
@[HI-module, the @[HI-module V,, is a restricted module and the 
O[G]-module Wf” is an induced module. Let End,(V) be the 
O-endomorphism ring of V and p y the representation of 0 [G] introduced 
by V. Then the pair (End,(V), p V) is an interior G-algebra. The O[G]- 
module I/ is H-projective for a subgroup H of G, if the O[G]-module V is 
isomorphic to the direct summand of the O[G]-module VIHt ‘. By 
Higmann’s criteria for relative projectivity, V is H-projective if and only if 
End,(V)” equals to End,(V)“,. 
For a local interior G-algebra (A, p) a defect group of (A, p) is the 
minimal subgroup of the family of subgroups H satisfying A$ = A’. The 
defect group is unique up to conjugation in G and is a p-subgroup of G. 
The defect group of (A, p) is also characterized by the maximal p-subgroup 
of the family of p-subgroups P satisfying A(P) is non-zero. Whenever V is 
an indecomposable 0 [ G]-module, the above interior G-algebra 
(End,(V), p ,,) is a local interior G-algebra. So we can define its defect 
group and we call it a vertex of the indecomposable O[G]-module V which 
is denoted by vtx, V. 
Let e be a central primitive idempotent of CI[G] and B = O[G] e the 
corresponding block of G. The block B becomes a o-algebra with the iden- 
tity element e and an epimorphic and local interior G-algebra by the 
O-algebra homomorphism x + xe for the element x of @[Cl. Then the 
defect groups of B in the sense of interior G-algebras are the defect groups 
of B as the classical case. The local interior G-algebra (A, p) belongs to B, 
if the image p(B) is nonzero. Our purpose is to prove the following 
theorem which is concerned with vertices of interior G-algebras as G x G- 
modules. 
THEOREM. Let (A, p) be an epimorphic and local interior G-algebra with 
defect group D belonging to a block B. Then the vertex vtxGxGA contains 
DA and is contained in D x D up to conjugation in G x G. Furthermore 
vtx, x GA equals DA up to conjugation in G x G if and only if the restriction 
p, B : B -+ A is an isomorphism of O-algebras, in this case, D equals the defect 
group of the block B. 
2. SOME LEMMAS 
Let (A, p) be an interior G-algebra and H a subgroup of G. Since A is 
H x G-module the pair (End,(A), pA) is an interior H x G-algebra, where 
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pa is the representation of B[Hx G] introduced by the H x G-module A. 
We denote by E, the O-algebra End,(A). The maps QH and Y, are 
Co-algebra homomorphisms defined by 
CD,: WA) HxC+AH; 4p++cp(l.), 
YH: A” -+ (E,)HXG; bH (UHbU), 
where 1, is an identity element of A. 
LEMMA 1. Under the above notation, the followings hold. 
(i) If (A, p) is an epimorphic interior G-algebra, then the O-algebra 
homomorphism QH of (E,)H”G to A” is an isomorphism. 
(ii) The diagram 
AC2 (E,)‘“’ 
Trg 
I I 
TrGxG HxG 
AH 7 (E,)H”G. 
is commutative. 
Proof: (i) Since @Ho Y, is the identity map of AH the map QH is sur- 
jective. So we may prove that QH is injective. Assume that QH(q) = @H($) 
for q, $ E (EA)HrG. Then we have rp( 1 A) = Ic/( 1 A). By the definition of the 
action of Hx G on A, we have CP(P(X)) = cp(l,) P(X) and 
4+(x))= $(lA) P(X). s ince p is an epimorphism the map QH is injective. 
(ii) This is easily checked by the definition. 
COROLLARY 2. Assume that (A, p) is an epimorphic interior G-algebra. 
Then U[ G x G]-module A is indecomposable if and only if (A, p) is a local 
interior G-algebra. 
The following lemma, which is concerned with O[G]-modules, is well 
known and its proof is left to reader. 
LEMMA 3. [2, (1.3)]. Let V be a H-projective O[G]-module and P a 
p-subgroup of G. Then V(P) = 0, unless P is contained in H up to conjugation 
in G. 
We state a lemma which is essential to prove the theorem. 
LEMMA 4. Let (A, p) be an epimorphic and local interior G-algebra 
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belonging to a block B. If A is a projective O[G]-module under left mul- 
tiplication through p, then p induces an isomorphism between B and A. 
Proof. Let A = A/A(n) and fi a k-algebra epimorphism of k[G] to A 
introduced by p. Since (A, p) is an epimorphic and local interior G-algebra 
belonging to the block B we have p(B) = A, and we may prove 
rankPA = rank,B, therefore we may prove dim,2 = dim,B because A and 
B are O-free modules. 
We take a primitive idempotent f of k[G] such that p(f) is nonzero. As 
all A-modules may be considered to be a k[G]-module through the 
k-algebra homomorphism p, the primitive indecomposable A-module 
AD(f) becomes a k[G]-module. We shall prove &5(f) is isomorphic to 
k[G]f as k[G]-module. By assumption, the restriction A,,, <1 ) is a pro- 
jective module and the regular left A-module A becomes a projective k[G]- 
module. Since the A-module P@(f) is an indecomposable direct summand 
of the regular module A the k[G]-module Afi( f) is a projective module. 
On the other hand, the restriction plkcGI/: k[G]f+ AD(f) is a surjective 
k[G]-module homomorphism. So the k[G]-module &T(f) is isomorphic 
to a direct summand of k[G]f, because &?(f) is a projective k[G]- 
module. Since f is a primitive idempotent the k[G]-modules AD(f) and 
k [ G] f are isomorphic. 
Let V, ,..., I/, be all irreducible A-modules and W ,,..., W, the 
corresponding irreducible k[G] modules through p, respectively. Let 
W 1 >...r W,, W,, , ,..., W, be all irreducible k[G]-modules belonging to B 
and k[G] f, ,..., k[ G] f, primitive indecomposable k[ G]-modules such that 
k[G]fi/Jf; is isomorphic to Wi, respectively, where { fi} is a set of 
primitive idempotents of k[G] and J is the Jacobson radical of k[G]. We 
set f i = p(fj). For 1 d i< s, the k[G]-module Afj is isomorphic to the 
k[G]-module k[G]f;, and for s + 1 < i the element f i. is zero. Under the 
above arrangement of {i}, let C, = (cl) and Cs = (cii) be the Cartan 
matrices of the k-algebras A and B, respectively. Then C, is a s x s matrix 
and C, is a t x t matrix. The d-modules Af 1. and @ ;= r c$ V, have the same 
composition factor with multiplicity and so do the k[G]-modules k[G]f, 
and @j= 1 cg W,. Since for 16 i < s, Af i is isomorphic to k[G]fi we have 
cli = c,, in the case 1 <j < s and cii = 0 in the case s + 1 <j. Thus we obtain 
c,= CA * 
( > 0 *’ 
By [IS, Chap. 1, Theorem 16.71, the matrix Cs is a symmetric and 
indecomposable matrix, we have s = t and C, = C,. Because k is a splitting 
field for G, the regular A-module A is isomorphic to @;=, (dim, Vi) Af; 
and the k[G]-module B is isomorphic to @f= 2 (dim, W,) k[G]fi. Since 
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dim, V, = dim, W, and dim, Af: = dim, k[G]f, the k[G]-modules A and B 
are isomorphic, and so dim,2 = dim, B. Thus the restricted k-algebra 
homomorphism p, B : B + A is an isomorphism and the O-homomorphism 
p lB : B + A is an isomorphism. 
3. PROOF OF THEOREM 
Before proving, we introduce a notation. Whenever H and H’ are sub- 
groups of G, the notation H GG H’ means that H is contained in H’ up to 
conjugation in G. 
Proof of the Theorem. First, we shall prove that D” d Gx cvtx,, .A. 
For the @[GA]-module A lcd the O-module A(D) is nonzero by the charac- 
terization of a defect group. Since A(D) = A(Dd) Lemma 3 implies 
DA <cxc vtx,,,A. 
Next we shall prove that vtx, x (;A < G x G D x D. To prove this we may 
see that the S[G x G]-module A is a D x D-projective module by the 
definition of vertices. By lemma 1 (ii), we have 
Since D is a defect group of (A, p) the identity element I, is contained in 
Ag and so the identity map id, is contained in (/$)g;g. By Higman’s 
criteria on relative projectivity, the Co[G x G]-module A is a D x G-projec- 
tive module. Similarly we can see that A is a G x D-projective module. So 
Mackey decomposition theorem implies that A is a Dg x D-projective 
module for an element g of G and A is a D x D-projective module. We have 
proved the first statement of the theorem. 
Now we shall prove the second statement of the theorem. If pls: B + A is 
an isomorphism, the S[G x G]-module A is isomorphic to the O[G x G]- 
module B. So we may prove vtx, x G B = D“, where D is a defect group of B. 
This fact is well known, see [S] or [6], however, we can prove simply 
using the first statement of the theorem. The O[G x G]-module O[G] is 
isomorphic to (OG)tG”G, where Co, is the trivial module, and B is an 
indecomposable direct summand of the B[G x G]-module O[G]. By 
Mackey decomposition theorem, B is a DA-projective module. By the first 
statement of the theorem, vtxGXC;B equals to DA up to conjugation in 
Gx G. 
Conversely, assume that vtx Gx .A equals to DA up to conjugation in 
Gx G. Since vtx GxG.A = DA the B[Gx G]-module A is a GA-projective 
module and therefore, by Mackey decomposition theorem, A is a projective 
Co[G]-module under left multiplication through p. Thus Lemma 4 implies 
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that induces an isomorphism of B to A, completing the proof of the 
theorem. 
Now we apply this theorem to &free two-sided ideals of S[G], which is 
a dual case of local interior G-algebra. Let I be an o-free two-sided ideal of 
B[G], then I becomes an O[G x G]-module defined by (g, h) a =gah-‘. If 
a two-sided ideal I of 4G] is an indecomposable O[G x G]-module, then 
we call I an indecomposable two-sided ideal. Then we obtain the following 
corollary. 
COROLLARY 5. Let I be an B-free indecomposable two-sided ideal of 
Ci[G]. If the vertex vtx,,,I is contained in GA, then I is a block ideal of 
@[Cl. 
ProqJ Since the 0 [G x G]-module U[G] is a permutation module the 
dual module O[G] * is isomorphic to C?[G] as O[G x G]-module. 
Therefore there exists an two-sided ideal I, such that I is isomorphic to the 
dual module (8[G]/I,)*. Let A equal the quotiant algebra 0[G]/Z, and p 
the canonical epimorphism, then (A, p) is an epimorphic & local interior 
G-algebra. Since vtx,, .I is contained in GA so is vtxGx .A and theorem 
implies that there exist a block algebra B such that the Lo[G x G]-module A 
is isomorphic to the O[G x G]-module B. So I is isomorphic to B* which is 
a dual of the block B and proving corollary. 
Finally we shall remark the case that vtxGxGA equals D x D, which 
occurs frequently. For example, 0 is k and I/ is an irreducible k[G]- 
module and pV: k[G] + End,(V) is the representation of k[G] introduced 
by V. Then (End,( V), p V) is an epimorphic and local interior G-algebra 
and vtxGXti End,(V) equals to D x D, where D is a vertex of V. However, 
there occurs another case. Let G = (a) x (r ) be an Klein’s four group, 
p= 2 and Ikl > 2. Then there exists a left (two-sided) ideal I of k[G], 
whose representation as a left module is equivalent to 
where y f 0, 1 is an element of k. See [4]. We set A = k[G]/Z and p the 
canonical map of k[G] to A. Then (A, p) is an epimorphic and local 
interior G-algebra, however, dim, A = 2 and vtx, x GA = G x G. 
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